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Characters of Finite Quasigroups Ill: Quotients and Fusion 
K. w. JOHNSON AND J. D. H. SMITH 
The character theory of finite quasigroups, introduced in [4] and [5], is developed further. The 
Quotient Theorem relates the character theory of a quasigroup to that of its homomorphic images. 
The Fusion Theor;~m relates the character theories of different quasigroup structures on the same 
set. Fusion geometry interprets certain character values as solutions of optimization problems. 
Magic rectangle conditions impose additional constraints that facilitate the computation of character 
tables. 
l. INTRODUCTION 
Earlier papers [4], [5] introduced the elements of a theory of characters for finite non-
empty quasigroups generalizing the characters of finite groups. In [5], it was observed how 
the concept of character induction extended from groups to quasigroups, becoming more 
direct and natural i~ the process. The current paper examines two topics which do not 
extend directly frorri group-theoretical concepts, since they are respectively trivial or 
inapplicable in group theory. The first topic concerns the question of how characters of a 
homomorphic image lift to characters of the preimage. Given a group epimorphism 
P - Q, a basic character Q --? 1[: of Q is the character of an irreducible representation 
Q --? Aut(V) of Q. The composite function P - Q --? IC, as the character of the irre-
ducible representation P - Q --? Aut( V) of P, is then automatically a basic character of 
P. Given a quasigroup epimorphism P - Q, which induces a homomorphism P x P --? 
Q x Q, the Quotient Theorem (2.1) shows that the composite P x P--? Q x Q --? IC 
of this homomorphism with a basic quasigroup character Q x Q --? 1[: of Q gives a 
basic quasigroup character of P. The result is no longer as immediate as in the group 
case, since the passage to representations is not available; the full proof is given in 
Section 2. 
The second topic concerns sets Q carrying two quasigroup structures (Q, +)and (Q, · ), 
such that the multiplication group Mlt(Q, +)of (Q, +)is a subgroup of the multiplication 
group G = Mlt(Q, ·) of (Q, · ). The Fusion Theorem (3.1) shows how the character theory 
of (Q, ·)is determined by the character theory of (Q, +) and the way that (Q, ·) "fuses" 
the conjugacy classes and characters of (Q, + ). This fusion is reminiscent of the fusion that 
takes place in a group under the action of an automorphism group. Indeed, many results 
of this paper generalize readily to the case of a permutation group G and its subgroup H 
acting on a set Q, in such a way that the centralizer ring V(H, Q) of H on Q is commutative. 
However, these generalizations are not mentioned explicitly (in the way that generalizations 
of [5] were given in [6]); the reader should have no difficulty in formulating them. 
Subsequent sections examine two interesting phenomena that occur in fusion. The first 
of these phenomena is the 'fusion geometry' of Section 4. The character values of (Q, ·)are 
obtained as solutions of optimization problems (4.4)-essentially as 'least squares approxi-
mations.' The second of these phenomena is the 'magic rectangle condition' (6.1) that has 
to be satisfied by each fusing part of the character table of (Q, + ). Such magic rectangle 
conditions put severe limitations on the possible character tables of (Q, · ), comparable 
to the limitations imposed by the orthogonality relations [4, Th. 3.4]. In Section 7 the 
magic rectangle conditions are applied to determine all character tables of quasigroups of 
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order 5. This application is intended as a simple model for future uses of the magic rectangle 
condition. 
2. THE QuoTIENT THEOREM 
This section is devoted to the proof of the following theorem, the so-called Quotient 
Theorem. 
THEOREM 2.I. Let 8: p ~ Q be a quasigroup epimorphism. Then for each basic character 
1/tk: Q x Q ~ C ofQ, thefunction 
(2.I) 
is a basic character of P. 
Let V(G, Q) be the centralizer ring of the multiplication group G of Q acting on Q; let 
V(F, P) be the centralizer ring of the multiplication group F of P acting on P. Let 
ci' 0 0 0 ' cs denote the respective incidence matrices of the conjugacy classes ci' 0 0 0 ' cs 
of Q. The epimorphism 8: P ~ Q induces an epimorphism Mit 8: F ~ G with R(p)M!t 8 = 
R(p8) and L(p)M!t 8 = L(p8) for eachp in P. For each conjugacy class B of P, the subset 
B8 = {(xi 8, x 2 8)i (xi, x2) E B} of Q x Q is contained within a conjugacy class of Q, since 
A ~ 
for fin F one has (x~> x 2 )f = (Y~> y2) = (xi 8, x 28)fM!t 8 = (yi 8, y28). Let Bil, ... , B;,; 
be a complete list of all those conjugacy classes B with B8 £ C;, fori = I, ... , s. Take 
Bii = P. Note B;18 = C; fori = I, ... , s. Then r; > 0 fori = I, ... , s, since given a 
typical element (x8, y8) of C;, one has (x, y) E BiJ for some j. Thus there are bases 
{Ci, ... , Cs} for V(G, Q) and {Bii, ... , Bs,J for V(F, P), each BiJ being the incidence 
matrix of the conjugacy class B;1. Define linear maps 
¢: V(F, P) ~ V(G, Q); BiJ ~ C; (2.2) 
and 
r, 
1/J: V(G, Q) ~ V(F, P); C; ~ I Bij. (2.3) j=i 
These maps are not algebra morphisms in general: Lemma 2.4 below shows that 1/t respects 
multiplication only if IPI = IQI. 
Consider a particular element (a, b) of a given conjugacy class B;1 of P. Let niJ be the 
number of elements a' of P with a8 = a'8 and (a', b) in BiJ; by homogeneity this number 
only depends on the indices i, j, not on the particular choice of (a, b). One also has that 
IQI·IB;11 
nij = IPI·IC;I' 
s~nce both IBiJI/IPI and niJIC;I/IQI enumerate the set of all a' in P with (a', b) in BiJ. 
LEMMA 2.2. For given conjugacy classes Bij of p and ck of Q, the equation 
l/t(CdB;1 = n;11/t(CkC;) 
holds in the centralizer ring V(F, P). 
(2.4) 
(2.5) 
PROOF. Let 1/t(Ck)BiJ = Lt=i L~=i p~j)B,m. Fix an element (a, b) of a conjugacy class B1m 
of P. Then the coefficient p~J) represents the number of elements p of P with (a8, p8) in Ck 
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and (p, b) in Bij. Recall the equation ckci = :r.:~ I p~}C, in V(G, Q) [4, (A3)]. Since (a&, b8) 
lies inC,, the coefficient p~} represents the number of elements q in Q with (a8, q) in Ck and 
(q, b8) in C;. Given (q, b()) in C;, there are precisely niJ elements p of P with p() = q and 
(p, b) in BiJ. For each such p, one has (a8, p8) = (a8, q) lying in Ck. Thus p~7] = n;;P~.L 
and the equation (2.5) in V(F, P) follows, since 
s s ,, 
1/J(CkC;) = L p~}t/I(C,) L L P~}B/m• 
I~ I 1~1 m~l 
The centralizer ring V(G, Q) has a basis {E1, ... , E,} of orthogonal idempotents, with 
C; = L}~ 1 ~;1E1 [5, (3.1)]. Thus 
(2.6) 
LEMMA 2.3. For each conjugacy class BiJ of P and basic idempotent of V(G, Q), the 
equation 
(2.7) 
holds in V(F, P). 
PRooF. Recall Ek = :r.:~ 1 1Jk1C1 [4, (3.2)]. Then 1/J(Ek )BiJ = :r.;~ 1 1Jk11/J(C, )BiJ = 
:r.;~ 1 1Jkln;11/1 (C,C;) = n;1 1/!(L/~ 1 1Jk1C1C;) = n;11/!(Ek C;) = niJ~ik 1/J(Ek ), the second equality 
holding by (2.5) and the last by (2.6). 
Lemma 2.3 shows that for each k = I, ... , s, the subspace CPt/f(Ed of CP is an 
eigenspace for each B;1, with corresponding eigenvalue niJ~ik. It follows that the column 
vector [n 11 ~~k ••• n,,,~,dT is a column of the first eigenmatrix ofF on P [7, 5.3]. Let the 
dimension of the subspace CPt/f(Ek) be dk. Then by [4, Defn. 3.3], the row vector 
(dk)I/2\P\ [nil ~lk .. . nsr,~sk] 
\B11\ \B,,,\ 
(2.8) 
is a row of the character table of P. It remains to calculate dk. 
LEMMA 2.4. Fork = 1, ... , s, \Q\1/J(Ek )/\PI is an idempotent of V(F, P). Then dk = fb 
the trace of Ek. 
PRooF. Since each element of Q has \P\/\Q\ pre-images under 8, one has :r.}'~ 1 niJ = \P\1\Q\. 
Then 1/J(Ed = 1/J(Ek)t/J(:r.t~~ 1Jk;C;) = :r-:~1 1Jk;t/J(Ek) :r.;~~ BiJ = :r-:~1 1Jki~ik :r.;~~ niJt/f(Ek) = 
(\P\/\Q\)1/J(Ek) :r.;~ 1 1Jki~ib the penultimate equality following by Lemma 2.3. Now the 
matrices (~k;) and (1Jk;) are mutually orthogonal, so that :r.t~ 1 1Jki~ik = 1 and 1/J(Ek? = 
(\P\/\Q \)1/J(Ed. The first statement of Lemma 2.4 follows. In particular, the idempotent 
\Q\1/J(Ed/\P\ obtained is the projection operator of C onto the subspace CPt/f(Ed. The 
dimension dk of the subspace is the trace of the projection operator. But tr 1/J(Ek) = 
tr t/f(:r.I~ 1 1Jk;C;) = :r.t~ 1 1Jki :r.;~ 1 tr BiJ = 1Jk1\P\ = fk\P\/\Q\, the last equality holding by 
[4, Lemma 3.2(a)]. Thus dk = fb as required. 
Using this value for dk and expression (2.4) for each n,1, the row vector (2.8) becomes 
( I' )112\Q\ [~ _k] 
Jk \C1\ .. "\C,\ . (2.9) 
This vector is just the kth row of the character table of Q expanded by having its ith entry 
written r; times (for each i = 1, ... , s). As a row of the character table of P, (2.9) represents 
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the function P x P --+ C sending each element of Bu to the value of 1/Jk on Ci. This is 
precisely the function (2.1 ), which is thus a basic character of P. The proof of Theorem 2.1 
is completed. 
3. THE FUSION THEOREM 
Let (Q, +) and (Q, ·) be two quasigroup structures on the same underlying set Q. 
Suppose that the multiplication group H = Mlt(Q, +) of (Q, +) is a subgroup of the 
multiplication group G = Mlt(Q, ·) of (Q, · ). The general topic of fusion investigates how 
the character theory of (Q, ·) depends on the character theory of (Q, + ). 
The centralizer ring V(H, Q) of H on Q is the set EndcHCQ of (matrices with respect to 
the basis Q of CQ of) endomorphisms of the CH-module CQ. Since His a subgroup of G, 
an endomorphism of the CG-module CQ is automatically an endomorphism of the CH-
module CQ. Thus the centralizer ring V(G, Q) is a.subring of V(H, Q). The incidence 
matrices C1, ••• , Cs of the conjugacy classes C1, ••• , Cs of (Q, ·) form a basis for 
V(G, Q). The conjugacy classes C1, ••• , Cs are the orbits of Gunder its diagonal action on 
Q x Q. Since His a subgroup of G, these orbits break up into disjoint unions of orbits of 
H on Q x Q. Suppose Ci = U;~, Dii• with Q = C, = D 11 • The incidence matrices Du of 
the orbits Du of H on Q x Q form a basis for V(H, Q), and fori = 1, ... , s one has 
,, 
ci = L Du. (3.1) 
j~l 
The centralizer ring V( G, Q) also has a basis {E,, ... , Es} of orthogonal idempotents. 
Each Ei, as an idempotent of V(H, Q), is expressible in the form 
I; 
Ei = L Fij 
j~l 
(3.2) 
as a sum of ti distinct minimal idempotents Fii of V(H, Q). Since CQ = EB:~, CQEi = 
EB:~, EB;·~, CQE,1, the set {F11 , ••• , Fs,J forms a basis of V(H, Q) with 
s s 
I ti = I ri 
i~I i~I 
elements. Taking C[LqEQ q] = CQE, = CQE 11 , one has 
t1 = r 1 = 1. 
(3.3) 
(3.4) 
The bases {C1, ••• , Cs} and {E1, ••• , Es} of V(G, Q) are connected by the relation 
s 
Ei = L 173Cj (3.5) 
j~l 
(cf. [4, (3.2)]). The bases {D11 , ••. , Ds,J and {E11 , ••. , Es,J are connected by the corre-
sponding relation 
s 
Fkl = I 'l~,ijDij. 
i~I 
The character table of (Q, ·) is the matrix (1/1~) with 
1/1~ = IQI(tr EJ- 112 1]~, 
and the character table of (Q, +)is the matrix (1/J~k,) with 
1/J~k' = IQI(tr Fu)- 112 17~kJ· 
(3.6) 
(3.7) 
(3.8) 
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The quasigroup (Q, · ), or more precisely its multiplication group G, determines the 
partition {{Ful I ::::; j::::; ti}l I ::::; i::::; s} ofthe basis {Full ::::; i::::; s, 1 ::::; j::::; tJ of V(H, Q), 
and a corresponding partition { {If;~ II ::::; j ::::; ti} II ::::; i ::::; s} of the set of basic characters 
of (Q, + ), i.e. of the set of rows of the character table of (Q, + ). These partitions are 
known as the G-fusion of H-characters or the (Q, ·)-fusion of (Q, +)-characters. The 
partition { { DiJ II ::::; j ::::; ri} II ::::; i ::::; s} of the set of conjugacy classes of (Q, +) and the 
corresponding partition of the set of columns of the character table of (Q, +) are known 
as the G-fusion of H-classes or the (Q, ·)-fusion of (Q, +)-classes. 
With these definitions made, the following Fusion Theorem can be formulated. 
THEOREM 3.1. Let (Q, +)and (Q, ·)be two quasigroup structures on the set Q. Suppose 
Mlt(Q, +) ::::; Mlt(Q, · ). Then the character table of (Q, ·) is determined by the character 
table of (Q, +) together with the (Q, ·)-fusion of (Q, +)-characters and (Q, +)-classes. 
PROOF. By (3.2) and (3.6) for each i = I, ... , s one has Ei = L}'= 1 FiJ = 
LY=t Lt=t L;~, '1~kiDk1 = Lk=l L;~, [LY=t '1~ki1Dki· But by (3.5) and (3.1), one also has 
Ei = Lk=t '1~Ck = Lt= 1 '1~ L;~, Dk1 = Lk=t L;~, '1~Dki· Equating coefficients ofDki gives 
I; 
G "' H 
'1 ik = L.. '1 ij.kl (3.9) j=l 
for each i = I, ... , sand I= I, ... , rk. (Note the equality of the various right hand 
sides of (3.9) obtained for I = I, ... , rd The theorem now follows from (3.7)-(3.9), 
provided that tr Ei is determined by the data. But by (3.2) and [4, Cor. 3.5(c)], 
I; 
tr Ei = L tr EiJ 
)=I 
so the proof of the theorem is complete. 
I; 
I Cl/1~,,)2, j=l 
4. FUSION GEOMETRY 
(3.10) 
The explicit determination of the character table of (Q, ·) from the character table of 
(Q, +) and the (Q, ·)-fusions, promised by the Fusion Theorem (3.1), is best described 
geometrically. Consider the determination of the basic character 1/17 of (Q, · ). In the fusion 
data, this character corresponds to the fusion of the ti basic characters If;~, ... , 1/Jff, of 
(Q, + ). For each column of the character table of (Q, +),i.e. for each conjugacy class Dk1 
of (Q, + ), there is a trdimensional complex vector 
(4.1) 
In particular, for (k, I) = (1, 1) one obtains the leading vector (with positive real components) 
(4.2) 
These vectors may be taken to lie in the trdimensional complex vector space W. The 
subspace Wo = Cw 11 of W is called the principal subspace of W; its elements are called 
principal vectors. 
The vector space Whas an inner product (xly) = xy*, where* denotes the conjugate 
transpose, and corresponding norm llxll with llxll 2 = (xlx). The character 1/17 is then 
specified by 'least squares approximations' as follows. 
THEOREM 4.1. The value If;~ of the basic character 1/17 of (Q, ·) on the k th conjugacy class 
ck of (Q, . ) is given by 
(4.3) 
for each I = 1, ... , r k. 
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PROOF. By (3.10) and (4.2), (tr EiY 12 = llw11 ll. Then by (3.7), (3.9) and (3.8), one 
has llwlllll/1~ = IQI'l~ = IQI LY=I 'l~kt = LY=I 1/J~kt(tr Fu)112 = (wk,lwn). The result 
follows. 
The geometrical significance of Theorem 4.1 is that the vectors wk~> ... , wk,, all lie 
in a hyperplane orthogonal to the principal subspace. The intersection of this hyperplane 
with the principal subspace is a single point, the principal vector that is closest to each 
of the vectors wk 1, ••• , wk,,. As a principal vector, this point is a scalar multiple of 
the unit vector w11 /llw11 ll pointing in the direction of the leading vector. The scalar is 
the character value 1/J~. In other words, the character value is the unique scalar A, that 
minimizes the expression 
(4.4) 
for each I = 1, ... , rk> picking a unique value to assign to each class Ck in place of the 
vectors wk1, ... , wk,, of possible values. One thus picks the unique best approximation to 
these vectors in the one-dimensional subspace of principal vectors, and then takes the 
character value to be the component of this best approximation with respect to a(n ortho-) 
normal basis of the principal subspace. 
5. A LOOP OF ORDER 6 
As an elementary illustration of the techniques introduced so far, consider the com-
putation of the character table of the loop (Q, ·, 0) with multiplication table 
(Q, ·, 0) 0 3 4 1 2 5 
0 0 3 4 1 2 5 
3 3 0 1 4 5 2 
4 4 1 2 5 0 3 (5.1) 
1 1 4 5 2 3 0 
2 2 5 0 3 1 4 
5 5 2 3 0 4 1 
This table is obtained from the table for the integers (Q, +) = (2:6 , +) modulo 6 
under addition by interchanging the columns of the 2 x 2 square whose rows and columns 
are indexed by 2 and 5. The center of (Q, ·, 0) is {0, 3}, and the loop conjugacy classes are 
readily seen to be 
{0}, {3}, {4, 1}, {2, 5}. (5.2) 
The quotient of (Q, ·) by its center is the cyclic group of order 3, so the Quotient 
Theorem immediately gives three basic characters of (Q, ·).The remaining basic character 
could be computed from the orthogonality relations, but instead it will be obtained by 
fusion, using the fact that Mlt(Q, +) is a subgroup of Mlt(Q, · ). The character table of 
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(Q, +)is 
0 3 4 1 2 5 
0 1 1 1 1 1 1 
2 1 1 (J) (J) (1)2 (1)2 
4 1 1 (1)2 (1)2 (J) (J) (5.3) 
1 l -I (1)2 - (1)2 (J) 
-(1) 
3 1 -1 1 -1 1 -1 
5 l -1 (J) -(1) (1)2 - (1)2 
where the row labelled) denotes the (group) character k ~---+ exp(2nijkj6). The subdivision 
of the table reflects the (Q, ·)-fusion of (Q, +)-classes and (Q, +)-characters. The fourth 
basic character of (Q, ·) is then computed using (4.3). The complete character table of 
(Q, ·) becomes 
(5.4) 
J3 -J3 0 0 
6. MAGIC RECTANGLES 
In the character table (5.3) of 71. 6 partitioned by the (Q, ·)-fusions, the two rectangles with 
odd-indexed rows and columns indexed by the respective pairs of residues congruent to 1 
and 2 modulo 3 have a special feature. They are 'magic rectangles', in the sense that all their 
column and row sums are equal. This is not a coincidence, but rather a manifestation 
of a general phenomenon in fusion, the satisfaction of the magic rectangle condition (6.1). 
THEOREM 6.1. Suppose given the fusion data of Section 3. Fix elements i, k of {I, ... , s}. 
Thenfor each !from {I, ... , t;} and/' from {I, ... , rd, the magic rectangle condition 
'k I IDkjit/l~kj 
j~l (6.1) 
'k I IDkjlt/1~11 
j~l 
is satisfied. 
PROOF. According to [4, (3.1)], the bases of V(G, Q) are connected by the relation 
s 
ck = I ~f;E;. (6.2) 
i=l 
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Similarly, the bases of V(H, Q) are connected by the relation 
s ti 
Dkl = L L ~ft.ijFij. (6.3) 
i~l j~l 
Now by (3.1) and (6.3), one has Ck = L;':, 1 Dk, = L;':, 1 L:~ 1 L;'~1 ~ft.ijFij = 
L:·~ 1 LY~ 1 [L;:, 1 ~ft.u]Fu· But by (6.2) and (3.2), one also has Ck = L:~ 1 ~~;E; L:~ 1 ~~; L;'~ 1 Fu = 
L:~ 1 LY~ 1 ~~;Fu. Equating coefficients ofF,/ gives 
(6.4) 
for each i = 1, ... , sand}= 1, ... , t;. Recalling 
1/1~ = (tr E;) 112 ~~dQI · ICkl- 1 (6.5) 
and 
(6.6) 
equation (6.4) yields 
(6.7) 
But, by Theorem 4.1, 
The magic rectangle condition follows on equating these two expressions for 1/J~ and 
cross-multiplying. 
REMARK. The character table (1/J;k), 1 :(; i, k :(; s, of any quasigroup Q may be fused 
by the partition { {1 }, {2, ... , s}} to give the character table of a rank 2 quasigroup 
[5, Section 5]. The magic rectangle condition (6.1) obtained for the (s - 1) x (s - 1) 
square of non-trivial character values on non-diagonal classes does not give any new 
information, however, since it is a direct consequence of the orthogonality relations 
[4, Th. 3.4]. 
7. QUASIGROUPS OF ORDER 5 
In this section it will be shown how the magic rectangle conditions may be used to find 
all character tables of quasigroups of order 5. Loops of order 5 were classified by Albert 
[1, Section 14]: he found two isotopy classes. As a consequence of the classification of finite 
simple groups, quasigroups of general prime order have been classified in terms of their 
multiplication groups [2, Th. III.5.10]. This classification lumps together all the ~~-quasi­
groups-those quasigroups Q for which the diagonal Q is a normal subquasigroup of the 
direct square Q x Q [2, 111.3, 111.5]. By [2, Prop. III.5.9], the 3-quasigroups of prime order 
are the quasigroups of prime order whose multiplication groups are soluble. By Burnside's 
Theorem [3, Satz V.21.3] that a transitive permutatation group of prime degree is either 
soluble or doubly transitive, all the prime order quasigroups that are not 3-quasigroups are 
rank 2 quasigroups [5, Section 5], and thus have [5, (5.1)] as their character table. The value 
of a determination of the character tables of quasigroups of a given prime order thus lies 
precisely in the refinement of the classification of the 3-quasigroups that it entails. 
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Let Q be a quasigroup of order 5. If Q is a rank 2 quasigroup, its character table is 
[ I I ] (7.1) 2 - 1/2 . 
If Q is abelian (commutative and associative), and thus isomorphic to Z5 , its character table 
IS 
0 2 3 4 
0 
'! '!2 '!3 '!4 (7.2) 
2 '!2 '!4 '! '!3 
3 '!3 '! '!4 '!2 
4 '!4 '!3 '!2 '! 
where the row labelled j denotes the (group) character k H exp(2nijk/5). 
THEOREM 7.1. Let Q be a non-abelian quasigroup of order 5. If Q is not a rank 2 
quasigroup, then its character table is 
[ ~ J2 cos no -;cos 36°] . (7.3) J2 - J2 cos 36° J2 cos no 
PRooF. The degree 5 of the permutation group Mit Q on Q divides the order of Mit Q, 
so Mit Q contains a subgroup Z5 • The character table of Q is thus obtained by proper 
fusion from (7.2). Since Q is not a rank 2 quasigroup, it must be a 3-quasigroup. The 
Structure Theorem for 3-quasigroups [2, Th. III.5.6] shows that Q is centrally isotopic to 
a 3-pique. Now centrally isotopic quasigroups have similar multiplication groups (as 
permutation groups) [2, Prop. 111.4.6], and thus have the same character table. Without loss 
of generality one may assume that Q is a 3-pique. This means that Q carries an abelian 
group structure (Q, +, 0) such that 0 is an idempotent under the quasigroup multiplication 
on Q. Further, right multiplication Rand left multiplication L by 0 are automorphisms of 
(Q, +, 0), and the multiplication group of Q is the split extension of (Q, +, 0) by <R, L). 
The stablizer of 0 in Mit Q is the so-called inner multiplication group <R, L). The pique 
conjugacy classes of Q are the orbits of the inner multiplication group on Q (compare the 
definition of loop conjugacy classes in [4, Section 2]). Now since Q is not a rank 2 
quasigroup, its pique conjugacy classes are {0}, {1, 4} and {2, 3}. This is realized, for 
example, by the pique (Z5 , -, 0) of integers modulo 5 under subtraction. The Q-fusion on 
Z5-classes thus breaks up the character table (7.2) as 
0 4 2 3 
0 
'! '!4 '!2 '!3 (7.4) 
4 '!4 '! '!3 '!2 
2 '!2 '!3 '!4 '! 
3 '!3 '!2 '! '!4 
56 K. W. Johnson and J.D. H. Smith 
Consider the magic rectangle containing the (1, I)-entry of(7.4). The left-hand side of the 
corresponding magic rectangle condition (6.1) is (r + r4 )/2 = cos 72°. The sum of the 
right-hand side can only be real if the Q-fusion class of the 1:'5-character 1 is {1, 4} or 
{ 1, 4, 2, 3}. But in the latter case, there would not be enough Q-characters. Thus the 
Q-fusion of 1:'5-characters is { { 0}, { 1, 4}, { 2, 3}}, and the exact form (7 .3) of the character 
table of Q follows by Theorem 4.1. 
One often thinks of 3-quasigroups as representing amongst quasigroups whatever 
abelian groups represent amongst groups. However, quasigroups of order 5 furnish examples 
showing that, while quasigroup character tables can recognize the property of being 
abelian, they cannot recognize the property of being a 3-quasigroup. 
PROPOSITION 7.2. Let Q be a finite non-empty quasigroup. 
(a) Then Q is abelian iff for each i = l, ... , s, the basic character value t/Ji 1 is l. 
(b) The character table of Q does not determine whether Q is a 3-quasigroup or not. 
PROOF. (a) If Q is non-empty and abelian, it is an abelian group, and thus has all its 
character degrees equal to l. Conversely, suppose that t/Jil = I fori = 1, ... , s. Then by 
the orthogonality relation [4, (3.3)], \Q\ = L:~ 1 t/Ji 11[Jil = s. Since there ares= \Q\ con-
jugacy classes, each has order \Q\. Thus for each element x of Q, the stabilizer G" is trivial. 
It follows [2, Th. III.6.4] that Q is abelian. 
(b) Amongst quasigroups of order 5, there are rank 2 quasigroups in the class 3 and rank 
2 quasigroups not in ~j. As an example of such a rank 2 :1-quasigroup, take (1:' 5 , o) with 
x o y = 2x + y. For such a non-3 rank 2 quasigroup, take any (Q, ·)with the (insoluble) 
symmetric or alternating group on Q as multiplication group (e.g. the loop (20) of 
[1, Section 14]). 
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